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SUMMARY 
Use of  L i g h t h i l l  ' s  technique t o  uniformize approximate s o l u t i o n s  o f  
p a r t i a l  d i f f e r e n t i a l  equations i s  s impl i f i ed  by incorporat ing it i n t o  a 
perturbation-expansion scheme based on a h ighe r  dimensional gene ra l i za t ion  of  
Lagrange's expansion. L i g h t h i l l ' s  technique i s  made e a s i e r  t o  apply by use of 
e x p l i c i t  formulas f o r  t h e  uniformized s o l u t i o n  i n  terms of  t h e  previously 
determined nonuniform s o l u t i o n .  Results o f  t h i s  study a l s o  i n d i c a t e  t h a t  
L i g h t h i l l ' s  technique can be more use fu l  than r e a l i z e d  previously.  A s  one 
example, uniformly v a l i d  t h i n - a i r f o i l  s o l u t i o n s  can be obtained, by t h e  d i r e c t  
procedure, t o  any h ighe r  o rde r  of  approximation. 
INTRODUCTION 

Since L i g h t h i l l  introduced h i s  technique f o r  uniformizing approximate 
s o l u t i o n s  of  phys i ca l  problems ( r e f .  1 ) ,  t he  method has been widely used, 
e s p e c i a l l y  i n  f l u i d  and gas dynamics, f o r  both subsonic and supersonic flow 
problems. (See refs .  2-4  f o r  discussion and references.)  The b a s i c  p r i n c i ­
p l e s  of  the method have a l s o  been incorporated i n t o  extensions and o t h e r  
r e l a t e d  approaches ( r e f s .  3 ,  5 ,  6 ,  7 ) .  
I t  has been widely be l i eved  f o r  a number of years  t h a t  t h e  use o f  
L i g h t h i l l ' s  technique should be r e s t r i c t e d  t o  ordinary and hyperbol ic  d i f f e r ­
e n t i a l  equations.  No way has been found t o  apply L i g h t h i l l ' s  technique i n  
many problems governed by p a r a b o l i c  equations where t h e  nonuniformity i s  due 
t o  an e s s e n t i a l  s i n g u l a r i t y ,  which can only be el iminated by "stretching! '  or 
magnifying t h e  coordinate  ( c f .  r e f .  8 ) .  D i f f i c u l t y  i n  applying L i g h t h i l l ' s  
technique t o  s o l u t i o n s  of e l l i p t i c  equations has a l s o  caused the  b e l i e f  t h a t  
i t s  use was n o t  gene ra l ly  v a l i d  the re .  Although L i g h t h i l l ' s  technique had 
been used e a r l y  t o  cope with the  nonuniformity a t  t h e  leading edge i n  t h i n -
a i r f o i l  theory governed by an e l l i p t i c  equation ( r e f .  g ) ,  it was subsequently 
presumed t h a t  L i g h t h i l l ' s  treatment of  t h i n  a i r f o i l s  was a s p e c i a l  case, and 
t h a t  t h e  method could no t  y i e l d  an improved uniform s o l u t i o n  beyond t h e  second 
o rde r .  Tsien (ref.  3) (among o the r s )  s t a t e d  ( i n c o r r e c t l y ,  as we s h a l l  see)  
t h a t  s o l u t i o n  uniformly v a l i d  t o  a22 orders is  no t  possible ."  This was 
c i t e d  as a " f a i l u r e  of t h e  PLK method." Very r e c e n t l y ,  however, Hoogstraten 
( r e f .  10) was ab le  t o  use L i g h t h i l l ' s  technique i n  conjunction with a s p e c i a l  
conformal-mapping technique t o  f i n d  uniformly v a l i d  t h i n - a i r f o i l  s o l u t i o n s  f o r  
round-nosed and sharp-nosed a i r f o i l s .  E s s e n t i a l l y  t h e  same method has been 
used independently by Bollheimer and Weissinger (ref. 11). These s i g n i f i c a n t  
r e s u l t s  obtained by Hoogstraten and by Bollheimer and Weissinger apply only t o  
t h i n - a i r f o i l  theory governed by t h e  Laplace equat ion.  However, it w i l l  be 
shown t h a t  uniform h ighe r  o rde r  t h i n - a i r f o i l  s o l u t i o n s  can be obtained by a 
d i r e c t  app l i ca t ion  of  L i g h t h i l l ' s  technique i n  t h i s  e l l i p t i c  problem. In t h e  
case considered, t h e  s o l u t i o n  i s  obtained q u i t e  e a s i l y  i n  a v a r i e t y  of  ways, 
and i s  poss ib l e  t o  a l l  o rde r s .  The procedure i s  no t  l imi t ed  t o  Laplace's  
equation and s o  should be app l i cab le  t o  many o t h e r  e l l i p t i c  problems. I t  i s  
appl ied i n  e s s e n t i a l l y  t h e  same manner t o  hyperbol ic  problems. (Conditions 
f o r  a p p l i c a b i l i t y  of  L i g h t h i l l ' s  technique are n o t  i nves t iga t ed  he re .  The 
procedures given are intended t o  apply only when L i g h t h i l l ' s  technique is 
app l i cab le .  1) 
I t  appears t h a t  t he  most simple and d i r e c t  way of  applying L i g h t h i l l ' s  
technique is  t o  use a Lagrange expansion-perturbation scheme and t o  s p e c i f y  
t h e  terms according t o  L i g h t h i l l ' s  p r i n c i p l e  t h a t  h ighe r  order  s o l u t i o n s  s h a l l  
be no more s i n g u l a r  than t h e  f irst .  The procedure has been given i n  refer­
ence 13 f o r  one independent v a r i a b l e .  For extension of  t h i s  approach t o  prob­
lems where more than one independent v a r i a b l e  must be s t r a i n e d  simultaneously,  
a h ighe r  dimensional Lagrange expansion i s  needed. Several  forms o f  t h e  gen­
e r a l i z a t i o n  have been given i n  references 14, 15, and 16. Those n e c e s s a r i l y  
involved de r iva t ions  provide t h e  general  term and convergence c r i t e r i a .  Two 
independent de r iva t ions  of  simple procedures f o r  ob ta in ing  e x p l i c i t l y  t h e  
terms t o  any des i r ed  o r d e r  of  t h e  N-dimensional Lagrange expansion i n  s implest  
form are given i n  chap te r  V of  reference 17. The needed pe r tu rba t ion  expan­
s ions  based on Lagrange's expansion a l s o  have been given by Sack ( r e f .  18) i n  
r a t h e r  complicated form, i n  terms of  mult iple  summations of  a general  term. A 
simple de r iva t ion  of  the needed terms t o  any des i r ed  order  i s  given i n  
reference 17 i n  a form most conveniently used f o r  p re sen t  purposes.  
Accordingly, t h e  purposes of  t h i s  paper are t o  o u t l i n e  a r e l a t i v e l y  
simple and d i r e c t  procedure f o r  obtaining,  t o  any o rde r ,  t h e  terms of  a higher  
dimensional (vector) gene ra l i za t ion  of Lagrange's expansion; t o  g ive ,  i n  
s implest  form, a general  perturbation-expansion scheme based on t h a t  gene ra l i ­
za t ion ;  t o  combine t h e  expansion scheme with L i g h t h i l l ' s  uniformization tech­
nique f o r  a considerable  s i m p l i f i c a t i o n  o f  i t s  use f o r  any number of 
independent v a r i a b l e s ;  and t o  i l l u s t r a t e  t h e  s i m p l i f i e d  app l i ca t ion  of  
L i g h t h i l l ' s  technique i n  uniformizing the  approximate s o l u t i o n s  of p a r t i a l  
d i f f e r e n t i a l  equat ions.  
The s p e c i a l  advantages o f  t h i s  approach t o  applying L i g h t h i l l ' s  technique 
a r e :  (a) By providing e x p l i c i t  formulas f o r  t h e  uniformized s o l u t i o n  i n  terms 
of t h e  o r i g i n a l  funct ions t h a t  were not  uniformly v a l i d ,  i t  el iminates  much of  
t h e  tedious procedure normally followed; and (b) it extends t h i s  simplifica­
t i o n  t o  higher  dimensions, when more than one v a r i a b l e  must be s t r a i n e d  simul­
taneously.  For one independent v a r i a b l e ,  r e s u l t s  of a previous paper ( r e f .  13) 
are extended t o  give a more general ,  and hence more f l e x i b l e ,  expression of 
lComstock ( r e f .  12) , i n  studying a problem posed by C .  C .  Lin, showed 
c e r t a i n  l i m i t a t i o n s  t o  L i g h t h i l l ' s  technique i n  ordinary d i f f e r e n t i a l  equa­
t i o n s  t h a t  presumably can apply as well t o  p a r t i a l  d i f f e r e n t i a l  equat ions.  
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t h e  e x p l i c i t  formulas f o r  t h e  uniformized s o l u t i o n .  Because of t h i s  
gene ra l i za t ion ,  n a t u r a l  choices  of cons tan ts  i n  the  uniformizing transforma­
t i o n  a r e  o f t en  ev iden t ,  and can lead  more r e a d i l y  t o  t h e  appropr ia te  uniformi­
za t ion .  As a r e s u l t  o f  t h e s e  f a c t o r s  it i s  be l ieved  t h a t  L i g h t h i l l ' s  
technique i s  made e a s i e r  t o  apply, and more use fu l  than previous ly ,  by the  
developments t o  fol low.  
Helpful comments by Profs .  M. J .  L i g h t h i l l  and R. A. Sack are g r a t e f u l l y  
acknowledged. 
VECTOR GENERALIZATION OF LAGRANGE ' S  EXPANSION 
Lagrange's Expansion i n  One Variable  
The s tandard  form o f  Lagrange's expansion f o r  one i m p l i c i t l y  def ined 
independent v a r i a b l e ,  
i s  
m 
Vector and Tensor Def in i t i ons  and Notation 
For  t he  t reatment  i n  h igher  dimensions, consider  t h e  N-dimensional space 
with orthogonal u n i t  base vec tors  ek (k = 1, 2 ,  . . ., N) : 
e i  - e j  = "j = 1 f o r  i = j 
for i # j1 ( i , j  = 1, 2 ,  . . ., N) (2) = O  
Let {,  Z ,  and t h e  funct ion p ( Z )  be N-dimensional vec to r s  i n  t h i s  space such 
t h a t  
z = Z(f,E) = 3. + EP(Z) (3) 
where 
For any a r b i t r a r y  d i f f e r e n t i a b l e  func t ion  F (t ,E)  , def ine  the  vec to r  
ope ra to r s  Vc and Vz: 
V<F(S,E)3 $ek a F(t,E) 
k=1 
N 
where t h e  p a r t i a l  d e r i v a t i v e s  are taken holding a l l  o t h e r  components of  t h e  
argument f ixed .  
F o r  a r b i t r a r y  N-dimensional vectors  
we use an extension of  t h e  not ion of  an N-dimensional dyadic (second-order 
tensor)  : 
t o  de f ine  t h e  n th -o rde r  t enso r s  
A(n) A A A .  . . A ,  B(n) e BBB . . . B 
e 

n times n times 
We might c a l l  A(n) and Ben) “polyadics,!’ s i n c e  the  s p e c i a l  cases f o r  n = 2 ,  
3 ,  and 4 are known, r e s p e c t i v e l y ,  as dyadics, t r i a d i c s ,  and t e t r a d i c s  ( c f .  
ref .  19 ) .  The following def ined scaZm products then follow q u i t e  n a t u r a l l y  
from equation ( 2 ) :  
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AAAIBBBg A [A - (A BBB)] 
and, i n  general ,  de f ine  t h e  nth scalar product: 
P a r t i c u l a r  examples o f  nth-order t enso r s  t o  be used are: 
N-Dimensional Lagrange Expansion 
The well-known N-dimensional Taylor expansion f o r  a funct ion f(Z)  about 
t h e  po in t  5 is  
5 

In  t h e  above-defined no ta t ion ,  with Z def ined by (3) ,  t h e  complete 
expansion (11) is  equivaZent t o  simply 
Then, a l s o ,  
These two equat ions determine t h e  higher  dimensional Lagrange expansion t o  any 





- -  
To order  E ~ ,t h i s  s tandard  form of Lagrange’s expansion extended t o  
N- dimensions i s  
where the  argument of each func t ion  on the  r i g h t  s i d e  of  equation (14) i s  S, 
and where Z is  def ined i m p l i c i t l y  by equat ion ( 3 ) .  To ob ta in  the  form (14) 
from the  procedure i l l u s t r a t e d  i n  equat ions (13), s e v e r a l  i d e n t i t i e s  a r e  
needed. However, t h i s  i s  not  e s s e n t i a l ,  as t h e  form (13) and h igher  orders  of 
t h a t  form, with t h e  d e f i n i t i o n s  (9) and ( l o ) ,  a r e  a l s o  r e a d i l y  usable .  (An 
a l t e r n a t i v e ,  completely independent de r iva t ion  of eq. (14) is given i n  
r e f .  1 7 .  The general  terms a r e  obtainable  from the  more complex de r iva t ions  
and r e s u l t s  of  r e f .  16.) 
A PERTURBATION-EXPANSION SCHEME 
Any number of a d d i t i o n a l  parameters may be included as arguments of  
f ,  P ,  and Z.  Thus, f o r  example, with only one add i t iona l  parameter a, i f  
then equat ions (12) may be replaced by 
m 
2Note t h a t  i n  equat ions such as ( 1 3 ~ )and (14) an opera tor  does no t  a c t  
beyond t h e  c los ing  b racke t  of  a p a i r  i n s i d e  which it i s  loca ted .  
7 
-. . . . .. 
where 
me more e x p l i c i t  form t o  order  is  t h e  same as equation (14) except t h a t  
t h e  l e f t  s i d e  i s  f(Z,a)  and the  funct ions cc and f on t h e  r i g h t  s i d e  have 
arguments (S ,a). 
Now suppose t h a t  f (Z ,a)  and p(z ,a)  can be expanded i n  power s e r i e s  i n  
a: 

If these  expressions a r e  s u b s t i t u t e d  i n t o  equations (16),  o r  i n t o  the  
gene ra l i za t ion  of (14),  and i f  the  r e s u l t s  are s p e c i a l i z e d  t o  the  case where 
a = E ,  one obtains  a usefu l  perturbation-expansion scheme. To order  E ~ ,the  
r e s u l t s  a r e :  
and 
where 
For the  s p e c i a l  case where 5 ,  p ,  and z have only one component each, 5, p, 
Z ,  the  r e s u l t s  t o  a l l  orders ,  ,derived from ( l ) ,  a r e :  
m 







A s  noted i n  the  In t roduct ion ,  equat ions (18) and (19) should be 
obta inable  from the  more complicated general  forms i n  re ference  18. These 
r e s u l t s  have been der ived here  more simply and s t a t e d  i n  these  forms for con­
venient  use l a t e r .  
COMBINATION OF LAGRANGE EXPANSION METHOD WITH LIGHTHILL'S TECHNIQUE 
For  a problem i n  which t h e  terms of t h e  approximate so lu t ion  i n  t h e  form 
of equat ion (18a) o r  (19a) have been found t o  be not  uniformly v a l i d ,  t he  
b a s i c  p r i n c i p l e s  of L i g h t h i l l ' s  uniformizat ion technique a r e :  
(1) To reformulate  the  expanded s o l u t i o n ,  transformed i n  terms of  
i n i t i a l l y  undetermined " s t r a ined  coordinates  , I 1  and 
(2) To spec i fy  t h e  s t r a i n i n g  t ransformation i n  a manner t h a t  removes t h e  
nonuniformity, according t o  L i g h t h i l l ' s  p r i n c i p l e :  
Higher approximations s h a l l  be 
no more s i n g u l a r  than t h e  f i r s t .  
For an a r b i t r a r y  s t r a i n i n g  t ransformation ( a r b i t r a r y  EL j  ( c )  i n  eq. (18c)) ,  
any transformed expanded s o l u t i o n  i s  given by equat ion (18b) t o  o rde r  c2,
where equation (18a) i s  the  expanded s o l u t i o n  i n  the  "unstrained" coord ina tes .  
Thus, p a r t  (1) of  L i g h t h i l l ' s  technique is done. I t  remains t o  spec i fy  t h e  
terms s o  t h a t  L igh th i . l l t s  p r i n c i p l e  i s  s a t i s f i e d .  
I t  i s  use fu l  t o  consider  first why the  p r i n c i p l e  achieves uniformizat ion.  
The expansion of t he  exac t  s o l u t i o n  w i l l  have success ive ly  h igher  order  
9 
nonuniformities i n  t h e  terms t h a t  are of  h igher  o rde r  i n  E i f  the  exac t  

so lu t ion  contains  E i n  such a way t h a t  i t s  expansion s h i f t s  a s i n g u l a r i t y .  

For example, suppose t h e  exac t  so lu t ion  contains  g = (Z + E ) - ~ .  This 

expression i s  s i n g u l a r  a t  Z = -E. When E + 0, t h e  s i n g u l a r i t y  moves t o  

Z = 0 .  This i s  exhib i ted  i n  the  expansion about E = 0:  

In  a pe r tu rba t ion  so lu t ion  t h a t  would attempt t o  f i n d  g as a funct ion of  

Z and E, such s i n g u l a r  terms w i l l  appear. However, i f  one made a transforma­ 

t i o n  





Z = g - &  (23)  
with which g i s  uniformly v a l i d  a t  Z = 0 .  The t ransformation simply 
removed E from an expression (g) t h a t  is  s i n g u l a r  a t  a value of Z depend­
ing  on E .  Thus, equat ion (20) contains  E, but  equat ion (22)  does n o t ,  s o  
t h a t  t t so lu t ion t f  f o r  g and Z i n  terms of 5 ,  expanded i n  powers of E, i s  
uniformly v a l i d  a t  Z = 0. With t h i s  observat ion,  f o r  t h e  general  problem, 
one then simply seeks a transformation t h a t  precludes t h e  occurrence of  t h e  
h igher  order  nonuniformit ies  (and therefore  t h a t  e l imina tes  t h e  s h i f t i n g  of 
the  s i n g u l a r i t y  when t h e  so lu t ion  i s  expanded) by removing E from terms 
whose expansion would s h i f t  t he  s i n g u l a r i t y .  This i s  accomplished by 
L i g h t h i l l ' s  p r i n c i p l e .  I t  should be obvious then t h a t  L i g h t h i l l ' s  technique 
should not  be expected t o  remove the  nonuniformity i n  a so lu t ion  t h a t  i s  
caused by an essential  s ingulari ty ,  which i s  removable only by properly magni­
fying the  va r i ab le s  and not  by a simple s t r a i n i n g .  Thus, i n  an extension of 
L igh th i l l  I s  technique (see ref. 3 ) ,  Kuo combined a "s t re tching" with a s t r a i n -
*i ng  of t h e  coordinate  i n  a boundary-layer problem. The nonuniformity caused 
by an (exponential)  e s s e n t i a l  s i n g u l a r i t y  occurs i n  problems where t h e  h ighes t  
o rder  de r iva t ives  are mul t ip l ied  by the  small parameter, and s o  a re  l o s t  i n  
t he  per turba t ion  so lu t ion  ( c f .  refs. 2 and 8 ) .  
In  the  c l a s ses  of problems f o r  which L i g h t h i l l ' s  technique can be used, 
L i g h t h i l l ' s  p r i n c i p l e  can be appl ied as fol lows:  To f irst  order  as E + 0,  
f (Z ,&)  = f l ( c )  i n  equation (18b). To s a t i s f y  the  p r i n c i p l e  then, one can 
simply determine each pn(c) so  t h a t  the  c o e f f i c i e n t  of each ~n 'in equa­




The constants  an a re  chosen f o r  convenience i n  each problem. They might a l l  
be taken t o  be zero,  bu t  it i s  j u s t  as easy t o  leave them unspecif ied a p ~ i o ~ L  
f o r  poss ib ly  g r e a t e r  convenience. Thus, from equations (18b) and (24),  one 
may evaluate  the  pn(5) t o  s a t i s f y :  
f 2 C a  + rU1CS) - V,fl(S) = a l f l ( 5 )  (25a) 
e t c .  
For the  reduction of equations (25) and (18),  the  following n o t a t i o n  i s  
convenient. Let the  component of P({,E) i n  t he  d i r e c t i o n  of si be 
p i ( < ,  , G ~ ,. . .,<N,E), which has the  expansion 
Thus, i n  p i j ,  s u b s c r i p t  i i n d i c a t e s  t he  component d i r e c t i o n  and s u b s c r i p t  j 
i n d i c a t e s  t h e  order  of approximation. One r e s u l t  i s  
N 
f o r  use i n  equations (25) and (18).  In the  s p e c i a l  cases where only one 
component of  t h e  independent v a r i a b l e  (say, Z1) need be s t r a i n e d ,  denote:  
If F '  ( 5 )  i s  then defined as 
w e  f ind ,  from equat ions (19b) and (24), the s p e c i a l  case o f  equation (25) when 
equat ion (28a) app l i e s  : 
e tc .  In  t h i s  s p e c i a l  case, equation (18c) becomes ( c f .  eq.  (19c)) :  
The use of  these  equations f o r  d i r e c t  app l i ca t ion  of L i g h t h i l l ' s  
technique i s  i l l u s t r a t e d  below. With a nonuniform r e s u l t  i n  t he  form of equa­
t i o n  (18a) if more than one independent v a r i a b l e  i s  t o  be s t r a i n e d ,  equa­
t i o n s  (24),  (25),  (27),  and (18c) are used; i f  only one coordinate i s  t o  be 
s t r a i n e d ,  equat ions (24) and (28) are convenient. 
APPLICATIONS I N  IDEAL FLOW OVER A THIN BODY (ELLIPTIC EQUATION) 
The problem of  flow over a t h i n  a i r f o i l  o f  e l l i p t i c a l  c ross  sec t ion  i s  
used f o r  i l l u s t r a t i o n  here  because i t  has been discussed ex tens ive ly  i n  the  
p a s t  i n  regard t o  the  use o f ,  and t h e  previously presumed l imi t a t ions  o f ,  
L i g h t h i l l ' s  technique. Also, t he  exact so lu t ion  is  ava i l ab le  i n  a simple form 
f o r  comparison of  t he  r e s u l t s .  
The e l l i p t i c a l - a i r f o i l  sur face  i s  represented by 
y yb(x) = f&(1- x2 ) 1 1 2  , (-1 1.x 5 1) 
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. . .. . 
where x and y are i n e r t i a l  Cartesian coordinates ,  made dimensionless with 
respec t  t o  t h e  length of  t h e  semimajor axis of  t h e  e l l i p t i c a l  body. The flow 
is  assumed t o  be s teady,  i n v i s c i d ,  and incompressible.  The flow ve loc i ty  i s  
assumed t o  be tangent  t o  t h e  body sur face  and, far from t h e  body, t o  approach 
a uniform stream v e l o c i t y  with magnitude U and d i r e c t i o n  p a r a l l e l  t o  y = 0.  
Consider t he  complex p o t e n t i a l  F(Z) and complex ve loc i ty  W(Z) , which 
are a n a l y t i c  funct ions of  t h e  complex va r i ab le  Z = x + i y :  
F'(Z) E W(Z) = u(x,y) - iv (x ,y)  
= ox - i o y  = $y + i $ x  
where subsc r ip t s  x and y i n d i c a t e  p a r t i a l  de r iva t ives .  The ve loc i ty  poten­
t i a l  4 and t h e  stream funct ion  JI then s a t i s f y  t h e  e l l i p t i c  equations 
represent ing  conservation of mass and momentum: 
and 
Consider t h e  s o l u t i o n  i n  t h r e e  forms: F(Z) , o f  which 0 and $ are the  
r e a l  and imaginary p a r t s ;  W(Z) , of  which u and -v are the  real and imaginary 
p a r t s ;  and 
t h e  v e l o c i t y  magnitude on t h e  body sur face .  Define t h e  dimensionless 




F(Z;&) E U[Z + &f(Z;�) ]  
w(z;E) U [ 1  + EW(Z;E)] 
Qb(X;E) u[1 + Eqb(x;E)] 
= U [ 1  + E + E2g(x;E)] 
A number of textbooks give t h e  procedure f o r  f ind ing  t h e  approximate t h i n -
a i r f o i l  s o l u t i o n s  of equat ions (31). With yb(x) given by equat ion (29),  one 
f inds  
f(Z;E) = f,(Z) + Ef2(Z) + E2f3(Z> + . . . 
W(2;E) f ' (Z;E) = f i ( Z )  + Efi(Z) + E2fi(Z) + . . . } (34) 
g(X;E) = g,(x> + Eg2(X) + �%,(XI + . . . 
where 
( c f .  p. 72 of r e f .  4) and 
( c f .  p .  52 o f  re f .  4 ) .  
Fo r  l a t e r  comparison, no te  t h a t  t h e  exact  so lu t ions  (which can be found, 
e . g . ,  from re f .  20, p.  429) are: 





g(X;E) = -	+ [(1 -Ix; :E2x2� 2  - 11 
We see t h a t  t h e  approximate s o l u t i o n s  (34) ,  with (35) and (36), are 
s i n g u l a r  a t  Z = +1, t h e  leading and t r a i l i n g  edges, and t h e  higher  approxima­
t i o n s  are successively more s i n g u l a r  a t  Z = 41 .  We t h e r e f o r e  consider use of 
L i g h t h i l l ' s  technique by t h e  d i r e c t  procedure given above. To show the  
g e n e r a l i t y  of t he  method, it i s  appl ied i n  the  following paragraphs t o  t h i s  
problem i n  a v a r i e t y  of  ways. 
F i r s t  Solut ion 
I f  L i g h t h i l l ' s  technique i n  t h e  form o f  equat ions (24) and (28), with t h e  
s i n g l e  independent v a r i a b l e  Z ,  i s  appl ied t o  t h e  complex p o t e n t i a l  F having 
t h e  nonuniform s o l u t i o n  given by (33a) with (34) and ( 3 5 ) ,  
(; ­(i)z) : f ( Z ; E )  = P(E) [<  - (2;2 - 1)1 /2 ]  
If w e  now a r b i t r a r i l y  t ake  a l l  = 0 i n  equation (24b), so  t h a t  P(E) = 1, 
equations (28c) t o  (28g) g ive  t h e  s o l u t i o n  d i r e c t l y  as 
f(Z;E) = c - (c2  - 1 p 2  
z = 5 + E ( $  - 1)1'2 1 
I t  i s  e a s i l y  v e r i f i e d  t h a t  t h i s  s o l u t i o n  with only two terms i n  t h e  expansion 
o f  Z i s ,  i n  fac t ,  equ iva len t  t o  t h e  exact s o l u t i o n  (37a).  Equations (39a) 
f u r t h e r  reduce t o  
-F = (1 + E ) <  
U 
which has a l s o  been given by C.  Jacob (see re f .  10 ) .  To f i n d  t h e  expression 
f o r  t h e  corresponding v e l o c i t y ,  one simply r ep laces  f(Z;E) by w = ~ ' ( Z ; E )  
and each fn(z;) by f A ( 5 )  i n  equations (19). The r e s u l t  f o r  w i n  (33b) i s  
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Note t h a t  t h e r e  is  no s t r a i n i n g  at Z = k l ,  so  the corresponding v e l o c i t y  
would not be made uniformly v a l i d  by t h i s  s t r a i n i n g  t ransformation.  Thus, 
even though t h i s  p a r t i c u l a r  s t r a i n i n g  t ransformation ( f ixed  by tak ing  
P (E)  = I) i s  success fu l  i n  uniformizing t h e  complex p o t e n t i a l ,  it i s  n o t  
usefu l  f o r  t h e  ve loc i ty .  
Second Solut ion 
If ,  i n s t ead  o f  a r b i t r a r i l y  tak ing  a l l  an = 0,  one observes from 
equations (35) and (28c) through (28f) t h a t  it appears most natura2 t o  choose 
an = 1 f o r  a l l  n ( s ince  it s u b s t a n t i a l l y  reduces eqs. (28) f o r  t h i s  problem), 
s o  t h a t  P (E)  = (1  - E ) - ~ ,  one obtains  d i r e c t l y  from equations (24) and (28):  
I t  i s  e a s i l y  v e r i f i e d  t h a t  t h i s  so lu t ion ,  with only two nonvanishing terms i n  
t h e  expansion of Z ,  i s  a l s o  equivalent  t o  the  exuct so2ution (37a). Further­
more, t he re  is  a f i n i t e  s t r a i n i n g  a t  Z = t l .  The corresponding v e l o c i t y  
f i e l d ,  which then remains uniformly v a l i d  inc luding  the  po in t s  Z = t l ,  i s  
given by (33b), with 
Third Solut ion 
I f  the  ve loc i ty  f i e l d  i s  of prime i n t e r e s t ,  one might i n s t ead  apply the  
uniformization d i r e c t l y  t o  the  complex ve loc i ty ,  W. The nonuniform so lu t ion  
i s  given by (33b) with (34), i n  terms of t h e  de r iva t ives  of t h e  funct ions 
l i s t e d  i n  (35). The uniformly v a l i d  so lu t ion  can be represented by (24) and 
(28) with a l l  f n ( < )  replaced by Wn(<) E fA(<) .  Thus 
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where P ( E )  is  given by (24b) and where the  corresponding expansion of Z is  
given by (28g). I t  appears most n a t u r a l  i n  t h i s  problem (in using (28c) 
through (28f) with a l l  fn(6) replaced by wn(s)) t o  set  an = 1 f o r  a l l  n ,  
as t h i s  s u b s t a n t i a l l y  reduces t h e  r e s u l t s .  One then ob ta ins  d i r e c t l y  
W(Z;E) = (1 - E)-1[1 - c(52 - 1)-1’2] (44a) 
z = 6 - (+)E 6  - (;) �26  - . . . 
I t  i s  e a s i l y  shown, i n  f a c t ,  t h a t  t h e  exact so lu t ion  (37b) i s  equiva len t  t o  
(44a) with Z = ~ ( 1  E ~ )- 1’2, t h e  expansion of  which i s  (44b) . 
Fourth Solu t ion  
If one i s  i n t e r e s t e d  i n  only t h e  sur face  speed, Qb (or t he  sur face  
pressure  c o e f f i c i e n t ,  Cp = 1 - (Qb/u)2) as a func t ion  of x, one can use the  
above procedure d i r e c t l y  t o  make Qb uniformly v a l i d .  The nonuniform so lu­
t i o n  i s  given by (33d) with (34) and ( 3 6 ) .  The uniformized s o l u t i o n  can then 
be found from equat ions (24) and (28) with Z and 5 rep laced ,  r e spec t ive ly ,  
by x and 5 ,  and with f ,  fn, and t h e i r  d e r i v a t i v e s  replaced by g ,  gn, and 
t h e i r  d e r i v a t i v e s .  Thus 
where P ( E )  i s  given by (24b) and where the  corresponding expansion f o r  x as 
a funct ion 5 and E is found from t h e  form of (28g). In using (28c) through 
(28f) one observes t h a t  i t ’ i s  convenient t o  l e t  a1 = 1 and an = 0 f o r  
n 2 2 .  One then obta ins  d i r e c t l y  
g(X;E) = (1  + E) (+) 5211 - p ) - 1  (46a) 
Not every p o s s i b l e  choice of  t h e  s t r a i n i n g  t ransformation i s  use fu l  i n  
achieving the  uniformizat ion.  The cons tan ts  must be chosen t o  give 
use fu l  r e s u l t s .  
Remarks on E l l i p t i c  Problems 
Because of t h e  v a r i e t y  of ways the  technique has been used ( i . e . ,  v a r i e t y  
of s t r a i n i n g  t ransformat ions)  i n  a s t r a igh t fo rward  manner i n  t h e  pe r tu rba t ion  
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so lu t ion  f o r  p o t e n t i a l  flow over a t h i n  e l l i p t i c a l  a i r f o i l ,  it appears t h a t  
t h e  technique should be appl icable  t o  a broad class of  e l l i p t i c  problems. 
Other simple examples of  e l l i p t i c  problems t h a t  have been worked out by t h e  
writer using t h e  pe r tu rba t ion  technique inc lude  p o t e n t i a l  flow over a t h i n  
parabol ic  cy l inder ,  a t h i n  round-nosed semi - in f in i t e  s l a b ,  a t h i n  Rankine oval 
cy l inder ,  and a s l ende r  axisymmetric paraboloid.  O f  course,  it should no t  be 
implied t h a t  t h e  procedure can apply d i r e c t l y  t o  a l l  e l l i p t i c  pe r tu rba t ion  
problems. I t  cannot. The l imi t a t ions  of  t h e  method i n  e l l i p t i c  problems are 
not  d e f i n i t e l y  known, but  are found t o  be apparent ly  not  so  severe as be l ieved  
previously . 
ILLUSTRATIVE APPLICATION TO A HYPERBOLIC EQUATION 
For i l l u s t r a t i o n  of  t h e  procedure when more than one independent va r i ab le  
must be s t r a i n e d  t o  achieve a uniformly v a l i d  approximation, consider t h e  
problem: 
2
fxx - fyy + ( x y  + & )  (Yf, - xfy) = 0 ,  
y = 1, a l l  x: f = 1 
This problem is chosen f o r  i l l u s t r a t i o n  because it i s  e spec ia l ly  simple,  
and it combines seve ra l  f ea tu re s  t h a t  may be encountered i n  more complicated 
problems. Also, t he  approximate so lu t ion  can be compared with the  exact  solu­
t i o n .  The p a r t i a l  d i f f e r e n t i a l  equation (47a) i s  hyperbol ic .  Even though 
t h i s  p a r t i c u l a r  problem could be s impl i f i ed  before  so lv ing  it and the  complete 
so lu t ion  found, l e t  us proceed t o  apply t h e  pe r tu rba t ion  technique d i r e c t l y ,  
as one would need t o  do i n  more complicated problems. 
F i r s t ,  t he  pe r tu rba t ion  so lu t ion  is  sought i n  the  form: 
In the  l i m i t  a s  E + 0 ,  one obta ins  the  problem f o r  f l ,  which can be wr i t t en  





y = 1: f l  = 1, a f l  = -1
a Y  
The wave equation, (49a), with condi t ions (49b), has t h e  s o l u t i o n  
Similar ly ,  t h e  problem f o r  f 2  is  found t o  be: 
a 23 (XYf2) a 2  (XYf2) = -2 
aY Y 3  
which has t h e  s o l u t i o n  
f2(x,y) = x - q 1  - y-2) 
Further ,  one f i n d s  
f3(x,y) = -x-2y-l(l  - y-2) (50c) 
The pe r tu rba t ion  s o l u t i o n  (48) with (50) i s  s i n g u l a r  on both l i n e s  x = 0 
and y = 0 ,  which are wi th in  t h e  domain of  i n t e r e s t .  We t h e r e f o r e  consider use 
of  L i g h t h i l l ' s  technique according t o  the  s impl i f i ed  approach ou t l ined  on 
pages 10 and 11. In p a r t i c u l a r ,  i f  t h e  s o l u t i o n  near  t h e  o r i g i n  i s  o f  
i n t e r e s t ,  both coordinates  must be s t r a i n e d  simultaneously.  
To apply t h i s  s i m p l i f i e d  procedure,  l e t  N = 2 i n  equations (4a) and 
(4b) and l e t  
z1 f x, 
Then t h e  expansion (48) corresponds t o  18a).  The coorc i n a t e  t ransformation 
(18c) implies  (18b). To achieve t h e  des i r ed  uniformizat ion,  equations (18) 
are a l s o  equivalent  t o  (24a) with (24b) and with t h e  funct ions p determined 





a f l  a f l  
f 2  + 1-111 -+ 1-121 = a l f l  
a < l  2 
and 
a a f 1 a f  
+ ;(U11 + 1-121&) ( h l  + 1-121&) 
( the  arguments of  each f j  and u i j  are c1,c2). 
Equation (54a) g ives  an equation f o r  p Z 1  i n  which t h e r e  i s  no apparent 
advantage i n  having a1 no t  zero; so  f o r  t h e  s imples t  t rea tment ,  t ake  
a1 = 0 
The r e s u l t  f o r  use i n  (53b) is  
I f  t h e  determined func t ions  ( f l , f 2 ,  and u,,) a r e  then pu t  i n t o  (54b), and i f  
a2 = 0 (57) 
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f o r  s imples t  t rea tment ,  t h e  r e s u l t  f o r  equat ion (53b) t o  order  i s  
5 ~ ~ )The func t ion  ~ ~ ~ ( i s  as y e t  5und~ termined, bu t  it can be con' sn i en t ly
s p e c i f i e d  from t h e  following observat ion.  We s e e  t h a t  t h e  expansion (58) f o r  
y E Z 2  i s  s i n g u l a r  a t  c1 = 0 and t h a t  h igher  order  terms i n  (58) would be 
more s i n g u l a r  a t  c1 = 0 i f  x = Z 1  were no t  s t r a i n e d  appropr ia te ly .  If we 
took p l l  = 0,  then Z 1  would be the  same as c1  t o  order  E ,  and t h e  h igher  
order  s i n g u l a r i t y  a t  51 = 0 i n  equat ion (58) would no t  be acceptab le .  We 
t h e r e f o r e  invoke L i g h t h i l l ' s  p r i n c i p l e  i n  a second sense i n  t h i s  problem, and 
spec i fy  u l l  t o  make h igher  o rde r  terms i n  equat ion (58) no more s i n g u l a r
2than (c2 - l ) / c l  a t  c 1  = 0. Thus, w e  may le t  
5 2  	- = a = constant  i n  equat ion (58)
51 
o r  
v&1,52)  = 52 - "51 (59) 
and obta in  the  uniformized second-order s o l u t i o n  : 
For t h e  s o l u t i o n  t o  be r e a l  very nea r  t he  o r i g i n  a must be l e s s  than zero;  
so  we t ake  
Equations (60b) and (60c) are e a s i l y  combined t o  ob ta in  c Z  as a func t ion  of  x , ~ Y ,and E, s o  t h e  uniform second-order s o l u t i o n  f o r  f i s  obtained d i r e c t l y  
as 
~~ 
3The appropr ia te  a l g e b r a i c  sign on t h e  r a d i c a l  i n  equation (62) or i n  
(65) must be chosen, bu t  t h i s  d e t a i l  i s  considered i n c i d e n t a l  t o  the  illustra­
t i o n ,  as it i s  not  of  concern i n  equat ions (60) or (63). Fo r  both x 2 0 and 
y 2 0, t h e  + s i g n  i s  used. 
2 1  
-1 
f (X ,Y,~)  = { X + E Y  f -1 [(x + Ey)2 + 4EqXy + E + “211 1’2 } (62)-2&2 2 E 2  
If  t h e  above procedure i s  continued t o  o rde r  ( leaving a as an 
a r b i t r a r y  constant  i n  equation (59)), t h e  uniformized th i rd -o rde r  s o l u t i o n  i s  
obtained: 
To t h i s  order ,  f o r  t h e  s o l u t i o n  t o  be real  very nea r  t h e  o r i g i n ,  a must be 
g r e a t e r  than zero; so  we t ake  
Equations (63b) and (63c) a r e  e a s i l y  combined t o  ob ta in  c 2 ,  so  t h a t  t h e  
uniform th i rd -o rde r  s o l u t i o n  i s  expressed e x p l i c i t l y  as4 
f =  { X + E Y  * -1 [(x + E y p  + 4�4(XY + E + �4)  11’21-1- 2 � 4  2 & 4  
For comparison, it i s  e a s i l y  v e r i f i e d  t h a t  t h e  exact  s o l u t i o n  of  t he  
problem (47) i s  
x + Ey
f(X,Y,&) = xy + & 
and t h a t  t h e  approximate so lu t ions  (60) o r  (62), and (63) o r  (65),  approach 
(66) uniformly as E -t 0 f o r  a l l  1x1 and IyI < m. 
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appropriate  a lgeb ra i c  s i g n  on t h e  r a d i c a l  i n  (62) o r  i n  (65) must be 
chosen, but  t h i s  d e t a i l  i s  considered i n c i d e n t a l  t o  t h e  i l l u s t r a t i o n ,  as it i s  
not o f  concern i n  equations (60) o r  (63).  For both x 2 0 and y 1 0 ,  t h e  + 
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